Nuclei with spin I ≥ 1 have a weak quadrupole moment which leads to tensor contribution to the parity non-conserving interaction between nuclei and electrons. We calculate this contribution for Yb + , Fr and Ra + and found it to be small. In contrast, in many lanthanides (e.g., Nd, Gd, Dy, Ho, Er, Pr, Sm) and Ra close levels of opposite parity lead to strong enhancement of the effect making it sufficiently large to be measured. Another possibility is to measure the PNC transitions between the hyperfine components of the ground state of Bi. Since nuclear weak charge is dominated by neutrons this opens a way of measuring quadrupole moments of neutron distribution in nuclei.
I. INTRODUCTION
Studying parity-nonconservation (PNC) in atoms is a way of testing the standard model at low energy as well as searching for new physics beyond the standard model (see, e.g., [1, 2] ). The most precise measurements of the PNC in Cs [3] supported by accurate atomic calculations [4] [5] [6] [7] [8] [9] show no significant deviation from the standard model. Atomic PNC experiments may also measure the nuclear anapole moments [3, [10] [11] [12] [13] and the ratio of PNC amplitudes for different isotopes which is not sensitive to the accuracy of atomic calculations [14, 15] .
Atomic PNC measurements can also be used to study the neutron distribution in nuclei. Several studies looked at the effect of neutron skin (the difference in radius of the proton and neutron distributions) on the PNC in atoms and demonstrated that it can give a small but measurable contribution to the PNC amplitude (see e.g. [16] ). The study of the neutron distribution should help to establish the equation of state for the nuclear matter and properties of neutron stars including the mass boundary for the stability of neutron stars (the neutron repulsion at short distances prevents collapse of a neutron star to a black hole).
In present paper we provide a theory for a different method to study the neutron distribution in atomic PNC experiments. It was noted in Ref. [17] (see also [1] ) that the nuclear quadrupole moment induces a tensor PNC weak interaction between the nucleus and electrons in atoms and molecules. In Ref. [18] it was shown that the combined action of the weak charge and the quadrupole hyperfine interaction produces a similar effect but of a significantly smaller amplitude. Note however, that such effect may be enhanced if there are close levels mixed by the quadrupole hyperfine interaction.
In Ref. [19] it was argued that the tensor effects of the weak quadrupole moments are strongly enhanced for deformed nuclei and may get a significant additional enhancement due to the close atomic and molecular levels of opposite parity with a difference of the electron angular momenta |J 1 − J 2 | ≤ 2. These selection rules are similar to that for the effects of the time reversal (T) and parity (P) violating nuclear magnetic quadrupole moment (MQM). Therefore, nuclei, molecules and molecular levels suggested for the MQM search in Ref. [20] , for example, |Ω| = 1 doublets in the molecules 177 HfF+, 229 ThO, 181 TaN will also have enhanced effects of the weak quadrupole.
Differences in the selection rules for the scalar weak charge (J 1 − J 2 = 0), vector anapole moment (|J 1 − J 2 | ≤ 1) and the tensor weak quadrupole moment (|J 1 − J 2 | ≤ 2) or the difference in the dependence of the PNC effect on the hyperfine components of an atomic transition if more than one operator contribute, allows one to separate the contribution of the weak quadrupole.
The weak charge of the neutron (-1) exceeds the weak charge of the proton (0.08) by more than an order of magnitude. Therefore, the measurements of the PNC effects produced by the weak quadrupole moment allows one to measure the quadrupole moments of the neutron distribution in nuclei.
In present paper we perform the relativistic many-body calculations of the weak quadrupole effects in atoms of experimental interest.
II. THEORY
An effective single-electron interaction operator that is responsible for parity nonconservation (PNC) in atom is given by
where G F ≈ 2.2225 × 10 −14 in atomic unit (a.u.) is the Fermi constant, the Dirac matrix γ 5 is defined as in Ref. [1] , Z and N are the number of protons and neutrons, the coefficients 2C 1p = (1 − 4 sin 2 θ W ) ≈ 0.08, 2C 1n = −1 are the proton and neutron weak charges, ρ p (r) ≈ ρ 0p (r) + ρ 2p (r)Y 20 (θ, φ) and ρ n (r) ≈ ρ 0n (r) + ρ 2n (r)Y 20 (θ, φ) are proton and neutron densities in a nucleus normalized to unity, ρ(r) d 3 r = 1. We have taken into account that if the nuclear spin has the maximal (or any fixed) pro-jection on the z axis the quadrupole part of the density is proportional to Y 20 (θ, φ).
Below we will concentrate on the neutron contribution since the proton contribution to the weak charge is small and may be treated as a correction. Therefore, to simplify the formulae we assume that the spherical part of the proton density distribution is equal to that for neutrons: ρ 0p = ρ 0n = ρ 0 . Anyway, the neutron skin is small.
If we assume that ρ 2n (r) = K n ρ 0 (r), the proportionality constant can be expressed in terms of the quadrupole moment
and the tensor part of the weak interaction is
where
2 N /5 is the mean squared nuclear radius, R N is the nuclear radius. The quadrupoles Q p of the proton distribution in nuclei are measured and tabulated in the literature. The neutron quadrupoles Q n have never been measured.
In the electromagnetic transitions between the hyperfine components the nuclear spin projection changes, and we should present the PNC interaction Hamiltonian in terms of the irreducible tensor components:
where T . The PNC electric dipole amplitude between states (|i → |f ) with the same parity due to the tensor weak interaction is:
where |a ≡ |J a F a M a is a hyperfine sate and d = −e i r i is the electric dipole operator, F = J + I is the total angular momentum of an atom, J is the electron angular momentum and I is the nuclear spin. More detailed formulae are presented in the appendix.
In performing numerical calculations we follow our earlier work [21] on spin-dependent PNC in single-valenceelectron atoms. We include nuclear anapole moment contribution as well, so that in most of cases the total PNC amplitudes consist of three terms, the spin-independent contribution due to weak nuclear charge, the anapole moment contribution, and the weak quadrupole moment contribution. This allows us to fix relative sign of all three terms. Random phase approximation (RPA) is used for all operators of external fields, including the PNC operators and the electric dipole operator. Brueckner orbitals are used to include the core-valence correlations (see [21] for details).
We also use analytical estimations to check numerical results and their uncertainty. To do this we use the radial wave functions near the nucleus from Ref. [1] :
is the effective principle quantum number, ǫ n is the orbital energy in a.u. and Γ(x) is the Gamma function.
Analytical and numerical results agree on the level of 30% or better. The accuracy of the numerical results is few per cent for Fr and Ra + and ∼ 30% for Yb + . A detailed analysis of accuracy of the calculations can be found in Ref. [21] . We belive that the accuracy of our present calculations is the same as in Ref. [21] . Table I . The amplitudes consist of three contributions, the spin-independent contribution due to nuclear weak charge Q W , the contribution of the nuclear anapole moment κ, and the contribution of the neutron quadrupole moment q. We have chosen these atoms because they are considered for the PNC measurements (see, e.g. [22] [23] [24] [25] ) and because some isotopes of these atoms have deformed nucleus and therefore large quadrupole moments for both proton and neutron distributions. Electric quadropole moments (Q p ) are known and tabulated [26] . The values for considered isotopes are (2)b, and Q p ( 223 Ra) = 1.25 (7)b. Using estimate Q n ≈ (N/Z)Q p we see that the largest contributions of the neutron quadrupole term to the PNC amplitude is ∼ 10 −4 of the spin-independent contribution. This is relatively small value which probably means that one should look for enhancement factors, such as, e.g. close states of opposite parity. The atoms considered above do not have such enhancement. They were originally chosen for the measurements of the spin-independent PNC. They have large Z (PNC scales as ∼ Z 3 ) and relatively simple electron structure (one electron above closed shells) which allow for accurate interpretation of the measurements. 
The study of neutron quadrupole moments needs different criteria for choosing the objects for measurements. One could search, e.g. for close states of opposite parity with ∆J = 2. Such states can be only mixed by the neutron quadrupole moment and PNC amplitudes involving such states can be enhanced to the measurable level by small energy intervals. Note also that high accuracy of the calculations is not needed at this stage. Therefore, promising candidates can probably be found in atoms with dense spectra such as atoms with open d or f shells. Molecules can be good candidates too.
B. hyperfine transitions
Similar to the anapole moment contribution, the neutron quadrupole moment can lead to PNC transition between different hyperfine components of the same state. However, there are further restrictions due to higher rank of the operator. Since quadrupole moment is the rank 2 operator, the minimum value of the total angular momentum J of the atomic state to have non-zero contribution is J = 1. For a single-valence-electron atom the minimum value is J = 3/2. This means that the effect is zero in the ground state of all atoms considered above. Therefore, we consider Bi atom instead for which first measurements of atomic PNC were performed [27] . The results of the calculations are presented in Table II . Using estimations Q n ≈ (N/Z)Q p ≈ −0.9b, and κ(Bi) ∼ 0.1 [28] we see that the neutron quadrupole contribution is only about one order of magnitude smaller than the anapole contribution.
C. Close levels of opposite parity in lanthanoids As we discussed above the quadrupole PNC contributions is at least four orders of magnitude smaller than the scalar one. This makes it hard to measure and one should look for enhancement factors. Strong enhancement can take place when a pair of states of opposite parity is separated by a small energy interval. Such pairs can be found in lanthanoid atoms. For atoms considered above typical energy denominator (see formula 4) is ∼ 10,000 cm −1 . Therefore, for the quadrupole contribution being similar in value with the scalar one we need to look for energy intervals between states of opposite parity ∼ 1 cm −1 . We shall consider close states with the difference in the value of the total angular momentum ∆J = 1, 2. The opposite parity states with ∆J = 2 can only be mixed by weak quadrupole making it the only contribution to the PNC amplitude. This is a clear case for the weak quadrupole study. In contrast, the states with ∆J = 1 can be mixed by both, weak quadrupole and nuclear anapole. We consider these two cases separately. 2 states (e.g., in Nb).
1. Close states with ∆J = 2. Table III shows some examples of the pairs of states for lanthanoid atoms separated by energy interval ∆E ≤ 10 cm −1 and having the values of the total angular momentum J which differ by 2. The data has been obtained by analysing the NIST databases [29] . We include only states which seem to be promising for the study of the PNC caused by neutron quadrupole moment. We excluded atoms where all stable isotopes have small nuclear spin (I < 1) and thus no quadrupole moment. We excluded highly excited states and pairs of close states if an electron configuration for at least one state is not known.
Neither scalar nor anapole PNC interactions can mix the states with ∆J = 2. The weak quadrupole is the only contribution to the PNC involving the states. This makes them good candidates for the study of the neutron quadrupole moments. If one of the states is connected to the ground state by an electric dipole transition (E1) one can study the interference between Stark-induced and PNC-induced amplitudes of the transition to the ground state similar to what was measured in Cs [3] . Otherwise, one can study the interference between the hyperfine or Stark-induced and the PNC-induced amplitudes of the transition between these two states similar to what was done for Dy [30] . In latter case one needs metastable states. Therefore, we performed estimations of the lifetimes of each state in the Table. The estimations are approximate. We consider only E1 transitions, using experimental energies and assuming that all E1 amplitudes are equal to 1 a.u. The results are presented in Table III . The E PNC amplitude is estimated using the formula
Here a and b is a pair of the close-energy states, state g is the ground state, D is an operator of the electric dipole transition (E1), c 0 is angular coefficient (see formula (A3), Q n is the neutron quadrupole moment. For the estimations we assume b|D|c = 1 a.u., c 0 = 0.1,
The values of the electric quadrupole moment Q p are taken from Ref. [26] . Estimations of the a|h Q |b matrix elements are more complicated. Calculations show that all of them apart from only the s − p 3/2 matrix elements are very sensitive to many-body effects. This is a well-known feature of any short-range interaction of atomic electrons with the nucleus. The wave functions of states with angular momentum l > 1 are negligibly small on the nucleus and s states of other electrons must come into play via manybody effects to make a dominant contribution. Table III indicates that we need to deal with the s − f , p − d, and d − f weak matrix elements which are sensitive to manybody effects. Table IV shows the values of the weak matrix elements calculated in the relativistic Hartree-Fock (RHF) and RPA approximations (we use Gd atom as an example). Taking into account the core polarization via the RPA calculations increases the value of most matrix elements by many orders of magnitude. Further increase can be found if the configuration mixing is taken into account. Configuration mixing brings into play configurations which make possible the 6s − np 3/2 contribution to the weak matrix element. Sample diagrams are presented on Fig. 1 . Note that the configuration mixing is due to the Coulomb interaction. Therefore, we call corresponding corrections to the weak matrix elements the Coulomb corrections. For example, the Coulomb corrections to the 5d|h Q |6p and 5d|h Q |4f matrix elements in Gd, Ho and Er are given by the diagram Fig. 1 .a and the correction to the 6s|h Q |4f matrix element is given by the diagram Fig. 1.b . Note that the weak matrix element between first pair of states in Nb is zero in the single-electron approximation since the states differ by two electron orbitals. In this case the diagram Fig. 1 .c is the lowest-order contribution.
We estimate the diagrams (Fig. 1 ) by calculating Coulomb integrals in which one 6s wave function is replaced by a correction induced by the h q operator. The correction is calculated in the RPA approximation
Corresponding Coulomb integrals are 6 s, a|r < /r Here r < = min(r 1 , r 2 ), r > = max(r 1 , r 2 ), and |6s ≡ δψ 6s . Calculated values of the Coulomb integrals are presented in the last column of Table IV . Substituting these numbers into (7) we get estimations for the PNC amplitudes. The results are presented in Table III . Note that in contrast to the amplitudes considered in sections III A and III B the amplitudes here are relatively large. In most of cases they are lager than the PNC amplitude in Cs [3] . In the case of second pair of close states in Ho, the amplitude is as large as in Yb, the largest PNC atomic amplitude which has been measured so far [15] .
In all cases considered above one can measure the transition rate between the two close states of opposite parity and study the interference between the PNC amplitude (7) and the electric dipole transition induced by the hyperfine interaction. In addition, when one of the states is connected to the ground state by the magnetic dipole (M1) transition (first pairs of states in Nd, Gd, Ho and Er) or an electric quadrupole (E2) transition (second pair of states in Nd) one can study the interference between these M1 or E2 amplitudes and the PNC amplitude (7) to the ground state. Close states of opposite parity with ∆J = 1 are also important. Here both, the anapole moment and the weak quadrupole moments contribute to the PNC effect. Measuring both these moments are equally important. The anapole moment has been measured for Cs only [3] . The limit on the anapole moment of Tl obtained in the PNC measurements [12] has also been obtained. Measuring more anapole moments may help to extract constants of the weak interaction between nucleons and to get better understanding of nuclear structure. Measuring PNC effect which has both, anapole and quadrupole contributions may have some advantages. The effect is expected to be larger while different dependence of two contributions on the quantum numbers (e.g., on total angular momentum F , F = J + I) allows one to separate the contributions. Table V shows pairs of opposite parity states of lanthanoids separated by the energy interval ∆E < 10 cm
with values of the total angular momentum J which differ by one. The pairs have been found by analysing the NIST database [29] . We also included Ra which was studied in Ref. [31] .
It is clear that many of the systems listed in Table V are as good as those considered in the previous section. Estimations can be also done in a similar way. The most important parameters defining the value of the PNC amplitude are the energy interval between states of opposite parity an the type of the weak matrix element. The values for different types of weak matrix elements are presented in Table IV . The energy intervals are presented in Table V . More detailed study of the PNC amplitudes for all systems listed in Table V goes beyond the scope of present work. The analysis can be done for a particular system which is of the greatest interest to experimentalists. In our veiw there are many systems which look very promising but require careful consideration from the experimental point of view.
IV. CONCLUSION
We argue that the measuring PNC in atoms can be used to study the neutron distribution in nuclei via measuring the parity-nonconserving weak quadrupole moment. The effect is small in atoms which have been already used to study PNC. However, a strong enhancement due to close states of opposite parity can be found in lanthanoids and in Ra. Here the neutron quadrupole moments can be studied together with the nuclear anapole moments. There many systems where the weak quadrupole moment is the only enhanced contribution to the PNC effect. The enhancement is sufficiently strong to make the prospects of the measurements to be very realistic.
Acknowledgments
This work was funded in part by the Australian Research Council.
Appendix A: Matrix elements
The projection M dependence of the amplitude can be factorized by using the Wigner-Eckart theorem:
By means of the standard angular momentum technique, the matrix element of h Q between the hyperfine states |(JI)F M and |(J ′ I)F ′ M ′ can be written as a product of the reduced matrix elements of the electronic part and the nuclear part of the interaction:
The formula for the reduced matrix element of the PNC amplitude induced by the weak quadrupole Q T W can be derived similar to the derivation of the nuclear-spindependent (SD) PNC amplitude in Refs. [33] and [34] . The result is
Here
is the electronic tensor part of the weak interaction and the notation [F a ] ≡ 2F a + 1 is used.
For comparison we present two other contributions to the PNC amplitudes in atoms, namely the nuclear spin independent (SI) weak charge Q W contribution and the nuclear spin dependent (SD) contribution dominated by the magnetic interaction of atomic electrons with the nuclear anapole moment (AM) [10, 11] . They have been measured and calculated in many atomic systems -see e.g. [3, 5-9, 12, 15, 21, 36-48] . The reduced matrix elements of SI and SD PNC amplitudes are presented e.g. in Ref. [32] :
where the vector operator is the electronic part of the SD interaction h SD = (G F / √ 2)καρ 0 (r) and the Dirac matrix is defined by α = 0 σ σ 0 . The dimensionless parameter κ determines the strength of the SD PNC interaction . The three major contributions to κ come from the electromagnetic interaction of the atomic electrons with the nuclear anapole moment [10, 11] , the electronnucleus SD weak interaction [47] , and the combined effect of the SI weak interaction and the magnetic hyperfine interaction [35] . For the SI PNC reduced amplitude we have
where the weak interaction is H SI = −G F Q W /(2 √ 2)γ 5 ρ 0 (r) and Q W is the nuclear weak charge. Note that the weak matrix elements nJ n |H SI |Ji are not reduced ones in Eq.(A5).
The single-electron orbitals used to calculate the matrix elements are ϕ nκm (r) = 1 r f nκ (r)Ω κm (θ, φ) ig nκ (r)Ω −κm (θ, φ) ,
where n is the principle quantum number and κ = ∓(j + 1/2) (for j = l ± 1/2) is the angular quantum number for the Dirac spinor. The relativistic single-particle matrix elements of the PNC operators are:
(A9) Note that all weak matrix elements have imaginary values. The reduced matrix element of C (k) is given by
where ξ(L) = 1 if L is even number, otherwise it is zero.
